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Abstract
The (s,m)-radius ρs,m(G) is an important parameter associated with a message transmission network G. In [H. Li, J.P. Li,
(s,m)-radius in connected graphs I, Discrete Appl. Math. (resubmitted). Also see the Ph.D. thesis 5779, Universite´ de Paris
Sud, France] we obtained upper bounds on ρs,m(G) for all given integers s and m. The purpose of this paper is to present
improved upper bounds on ρs,m(G) for m = 3, 4. To be specific, for any k-connected graph G, we show that ρs,3(G) ≤
max{ 2ns ,min{ 3ns , nk + 5nks } + ns } if k ≥ 3 and ρs,4(G) ≤ min{ 3ns , nk−1 + 5ns(k−1) } + 2ns if k ≥ 4.
c© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
In this paper, we only consider finite simple graphs and utilize them to represent message transmission networks.
The reader is referred to Bondy and Murty [1] and West [9] for undefined terminologies and notations.
Let G be a connected graph. The distance between two distinct vertices x and y in G, denoted by dG(x, y), is
the length of a shortest path from x to y. The diameter of G is the maximum distance between all pairs of distinct
vertices in G. The radius of G, denoted by ρ(G), is the value minx∈V (G){maxy∈V (G) dG(x, y)}. A vertex x0 with
maxy∈V (G) dG(x0, y) = ρ(G) is called a center of G.
The parameters such as connectivity, diameter, radius, independent number and dominating number have been
studied extensively in graph theory. In recent years, they are used to characterize models of message transmission
in interconnection networks. For examples, the diameter is used to represent transmission delay, the connectivity
is used to measure fault tolerance, the independent number is used to characterize the communication difficulty, the
dominating number is used to model “sharing resources”, and so on. For more information about message transmission
networks, see [2,4].
Motivated by some models of message transmission in networks, we [5] studied a new model, in which we assumed
that if some certain data resources are possibly used by all vertices, then they can be placed on some suitable s vertices,
and other vertices can utilize them by message transmission in networks. The objective is to choose the locations of
∗ Corresponding author.
E-mail addresses: li@lri.fr (H. Li), jianping@ynu.edu.cn (J. Li).
0012-365X/$ - see front matter c© 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2007.12.014
1164 H. Li, J. Li / Discrete Mathematics 309 (2009) 1163–1177
Fig. 1. The structure of the graph G1.
these suitable s vertices such that the transmission is most efficient under some requirements on transmission delay
and fault tolerance. So it is natural to define the following parameter.
Definition. Let G = (V, E) be an m-connected graph and let s be a given integer. For any S ⊆ V , let dm(S) denote
the minimum integer such that, for any vertex y ∈ V − S, there exist at least m internally vertex-disjoint (y, S)-
paths in G, each of which has length at most dm(S). The (s,m)-radius of G, denoted by ρs,m(G), is defined as
min{dm(S) | S ⊆ V, |S| = s}, where the minimum value is taken over all vertex-subsets S of G with the cardinality
|S| = s.
Such a set S with |S| = s and dm(S) = ρs,m(G) is called an (s,m)-center of G. Clearly, ρ1,1(G) is the radius
of G. It is also worth pointing out that ρ1,m(G) is not greater than the m-diameter [2,3], an (s,m)-center S of G is a
(dm(S),m)-dominating set of G [6], and an (s, 1)-center S of G with d1(S) = 1 is exactly a dominating set of G.
The remainder of this paper is organized as follows. In Section 2, we describe some upper bounds involving
(s,m)-radius in connected graphs or 2-connected graphs, and then present improved upper bounds for (s,m)-radius
of k-connected graphs. In Section 3, we give the proofs of our main results.
2. (s,m)-radius of k-connected graphs
As usual, let brc denote the maximum integer less than or equal to the real number r and let dre denote the
minimum integer greater than or equal to the real number r .
In [5], we obtained the following results on (s,m)-radius.
Theorem 1 ([5]). Let G be a connected graph of order n and let s be a given positive integer. Then ρs,1(G) ≤ d n−ss e.
Furthermore, b 12 · b ns cc ≤ ρs,1(Pn) ≤ b 12 · d ns ec, where Pn stands for a path of order n.
Theorem 2 ([5]). Let G be a 2-connected graph of order n and s a positive integer. Then ρs,2(G) ≤ 2ns+1 .
Furthermore, ρs,2(Cn) = d ns e − 1, where Cn stands for a cycle of order n.
The graph G1 depicted in the Fig. 1 yields ρs,1(G1) ≥ n−ss+2 , and the graph G2 depicted in the Fig. 2 implies that
ρs,2(G2) ≥ n−2s+1 . We strongly believe that a refined upper bound is available for 2-connected graphs.
Conjecture 3 ([5]). Let G be a 2-connected graph of order n and let s be a given positive integer. Then ρs,2(G) ≤
d ns e − 1.
We also believe that if the connectivity of a graph is increased, then further improved upper bounds of (s,m)-radius
can be established. In particular, for m = 3, 4, we shall prove the following statements.
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Fig. 2. The structure of the graph G2.
Theorem 4. Let G be a k-connected graph of order n and let s be a given positive integer, where k ≥ 3. Then
ρs,3(G) ≤ max
{
2n
s
,min
{
3n
s
,
n
k
+ 5n
ks
}
+ n
s
}
.
Theorem 5. Let G be a k-connected graph of order n and let s be a given positive integer, where k ≥ 4. Then
ρs,4(G) ≤ min
{
3n
s
,
n
k − 1 +
5n
s(k − 1)
}
+ 2n
s
.
For the general m, we propose the following conjecture.
Conjecture 6. Let G be a k-connected graph of order n and let s, m be two positive integers, where k ≥ m ≥ 2. Then
ρs,m(G) ≤ mns .
3. Proofs
Our proofs rely heavily on the following lemma.
Lemma 1 (Perfect, [8]). Let G be a k-connected graph and W a vertex subset of G, where k ≥ 2. Suppose that
y1, y2 ∈ W, y0 ∈ V (G) − W and there exist two internally vertex-disjoint paths P1 and P2, such that P1 connects
y0 and y1 and P2 connects y0 to y2. Then there exist k internally vertex-disjoint paths Q1, Q2, . . . , Qk from y0 to W
such that y1 and y2 are end-vertices of two paths of Q1, Q2, . . . , Qk . 
We shall choose some paths in the graph G so as to construct the suitable set of s vertices to satisfy the requirement.
Our strategy is to use the structure of an ear-decomposition in G [7]. Since G is a 2-connected graph of order n for
k ≥ 3, it contains a cycle. Let C be a longest cycle C of G, and set c = |V (C)| and G0 = C . If G 6= G0, let
P1 be a longest G0-path with two ends in G0 and all the internal vertices in G − G0. We may assume that P1 is
of length p1 ≥ ns + 1. Put G1 = G0 ∪ P1 = C ∪ P1. Let P2 be a longest G1-path with length p2 ≥ ns + 1. Put
G2 = G1 ∪ P2 = P0 ∪ P1 ∪ P2. In general, since G is a 2-connected graph, there exists a largest integer t such that Pt
is a longest G t−1-path with length pt ≥ ns +1, where Pi is a longest Gi−1-path and Gi := V (C)∪ (∪ii ′=1 Pi ′) for each
1 ≤ i ≤ t , such that every G t -path is of length less than ns + 1, that is, every G t -path is of length at most ns . Note that
possibly t = 0, i.e., any path of G −C has at most ns − 1 vertices. It is easy to see that p1 ≥ p2 ≥ · · · ≥ pt ≥ ns + 1.
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For convenience, we may assume that the following numbers, such as n2s ,
n
s ,
c
2 , etc., are all integers. (Otherwise,
we use d n2s e, d ns e, d c2e to substitute for n2s , ns , c2 , and so on, and the upper bounds in our results will be increased by at
most one). For any path Pi , where 1 ≤ i ≤ t , by the theorem of integer division, there exist exactly two non-negative
integers lPi and rPi to satisfy |In(Pi )| = pi − 1 = ns · lPi + rPi , where In(Pi ) is the set of all internal vertices of Pi
(without the two end-vertices of Pi ) and 0 ≤ rPi < ns .
For each path Pi = x0x1x2 · · · x pi−1x pi , set WPi = {x n
2s+
rPi
2
, x 3n
2s +
rPi
2
, x 5n
2s +
rPi
2
, . . . , x (2lPi −1)n
2s +
rPi
2
}, and define
lPi = |WPi | for any i ∈ {1, 2, . . . , t}. Put θ(t) = lP1 + lP2 + · · · + lPt . For the cycle C = y0y1 · · · yc−1y0, set
WC = {y0, y c
s−θ(t) , y 2cs−θ(t)
, . . . , y (s−θ(t)−1)c
s−θ(t)
}, and define |WC | = s− θ(t). Put W = WC ∪WP1 ∪WP2 ∪ · · ·∪WPt . Then
|W | = s.
The following two statements were first established in [5], whose proofs are given in the Appendix.
Claim 1 ([5]). θ(t) ≤ s − 3.
Claim 2 ([5]). cs−θ(t) ≤ ns .
Let us define one term before presenting the proofs of our theorems. For a vertex y on cycle C , we choose a subpath
T containing y with length cs−θ(t) and with two end-vertices in WC (and in W ). We call T a segment. Similarly, for a
vertex y on the path in Pl , where 1 ≤ l ≤ t , we can find a subpath T containing y with length ns , and with two end-
vertices in WPl (and in W ), unless either T = x0Plx n
2s+
rPi
2
or T = x (2lPi −1)n
2s +
rPi
2
Plx pi (either x n
2s+
rPi
2
or x (2lPi −1)n
2s +
rPi
2
is in WPl ). We call T a segment, too. By the choice of W and Claim 2, each segment T (on cycle or a path) is of length
at most ns , and T has at least one end-vertex in W .
Proof of Theorem 4. By the preceding arguments, we can find C , P1, P2, . . . , Pt and G t with p1 ≥ p2 ≥ · · · ≥ pt ≥
n
s +1 for some non-negative integer t , such that each G t -path is of length less than ns +1. We can also find the set W of
s vertices of G and θ(t) for which Claims 1 and 2 hold. For convenience, set d = ns and W ∗ = V (C)∪ (∪ti=1 V (Pi )).
Let us show that each vertex y in G is (max{2d,min{3d, nk + 5dk } + d}, 3)-dominated by W . We consider that the
following two cases depending on whether or not y is in the set V (C) ∪ (∪ti=1 V (Pi )).
Case 1. y ∈ V (C) ∪ (∪ti=1 V (Pi )). We consider two possibilities.
Case 1.1. y ∈ V (C)
By the choice of W , we can choose a segment T = yi−→C y j on C of length cs−θ(t) to contain y, where yi , y j ∈ W .
Since the path R1 = y←−C yi connects y to yi and the path R2 = y−→C y j connects y to y j , by Menger’s Theorem and
Perfect’s lemma [8], we can choose k internally vertex-disjoint paths Q1, Q2, . . . , Qk to connect the vertex y to some
vertices of W ∗ such that yi and y j are the other end-vertices of two paths, say Qi and Q j , of these k paths, and for each
l 6= i, j , suppose that zl ∈ W ∗− (T −{yi , y j }) is the other end-vertex of the yzl -path Ql in G− (W ∗− (T −{yi , y j }))
(note that zl 6= zl ′ for l 6= l ′, unless zl , zl ′ ∈ W ). Then the union of Q1, Q2, . . . , Qk has fewer edges outside
E(C ∪ (∪ti=1 Pi )).
So we may assume that |Q1| ≤ |Q2| ≤ |Q3| ≤ · · · ≤ |Qk−1| ≤ |Qk |, where |Ql | is the length of path Ql for
1 ≤ l ≤ k. Then
(k − 2)|Q3| ≤ |Q1| + |Q2| + |Q3| + · · · + |Qk |
≤ n − (c − d)−
t∑
i=1
|Pi |
≤ n − c + d,
which implies |Q3| ≤ n−ck−2 + dk−2 .
For each path Qm in {Q1, Q2, Q3} − {Qi , Q j }, let −→Q m be the path Qm with an orientation from y to zm , and
let z′m be the last vertex on
−→
Q m that belongs to V (Qm) ∩ V (T ). (For the case where there exists no such vertex z′m ,
we can consider three internally vertex-disjoint paths Qm , R1 = y←−C yi and R2 = y−→C y j such that Qm connects the
vertex y to some vertex zm in W ∗− (T −{yi , y j }), R1 connects the vertex y to the vertex yi in W and R2 connects the
vertex y to the vertex y j in W . Since internal vertices in such a path Qm are all in G t and any G t -path is of length at
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most d by the choice, we get |Qm | ≤ d in this case; moreover, another end-vertex zm of Qm is on a segment T ′ which
contains at least end-vertex z∗m in W , then we can construct a path Q∗m to connect the vertex y to the vertex z∗m in W
such that Q∗m is internally vertex-disjoint from the two paths R1 and R2 and its length is at most 2d. So each length of
these three paths Q∗m , R1 and R2 is at most
max{|Q∗m |, |R1|, |R2|} ≤ max{|Q∗m |, |R1| + |R2|}
≤ max{2d, d}
= 2d,
so y is (2d, 3)-dominated by W and hence we are done. Therefore we assume that this case will not occur in the
following steps).
Claim 3. The subpath y−→Q mz′m is of length at most 2|T |.
Proof. By the choice of z′m , there exists a vertex z (6=z′m) which belongs to V (Qh), where h ∈ {1, 2, . . . , k} − {m},
such that the subpath z
−→
Q h(z
′
m)
− or (z′m)+
−→
Q hz contains no vertex of Qm (where (z
′
m)
− is the predecessor of z′m on the
path
−→
Q h and (z
′
m)
+ is the successor of z′m on the path
−→
Q h), otherwise we can construct a new path Q
′
m instead of Qm ,
then these k paths Q1, . . . , Qm−1, Q′m , Qm+1, . . . , Qk contradict the choice (b) of the k paths Q1, Q2, . . . , Qk . We
may assume z ∈ V (Qh) such that the subpath z−→C (z′m)− contains no vertex in Qm and that the subpath z+−→C (z′m)−
contains no vertex in ∪kh′=1 V (Qh′), too. Then we obtain a cycle C ′ = y−→Q mz′m←−C z←−Q h y. As C is a longest cycle, it is
easy to see that C ′ has its length at most 2|T |. So the subpath y−→Q mz′m is of length at most 2|T |. 
Since zm is an end-vertex of Qm on V (C) ∪ (∪ti=1 V (Pi )), we choose a vertex z′′m in W and construct a path, say
Qm(W ), such that Qm(W ) contains all vertices of Qm , connecting y to zm , then to z′′m on V (C) ∪ (∪ti=1 V (Pi )), and
that Qm(W ) is of length at most |Qm | + d. Since each path in G − (V (C)∪ (∪ti=1 Pi )) is of length less than ns + 1 by
the choice of G t , Claim 3 implies
|Qm | ≤ min
{
2d + d, 2d + c
2
, |Q3|
}
≤ min
{
2d + d, 2d + c
2
,
n − c
k − 2 +
d
k − 2
}
≤ min
{
3d,
n
k
+ 5d
k
}
.
Hence, y is (min{3d, nk + 5dk }+d, 3)-dominated by W since either y ∈ W or there exist three internally vertex-disjoint
paths Qi , Q j , Qm(W ) to connect y to certain vertices of W , each of which has length at most
max{|Qi |, |Q j |, |Qm(W )|} ≤ max{|Qi | + |Q j |, |Qm | + d}
≤ max {d, |Qm | + d}
≤ min
{
3d,
n
k
+ 5d
k
}
+ d,
where the second inequality holds since |Qi | + |Q j | ≤ d and since C is a longest cycle.
Case 1.2. y ∈ ∪ti=1 V (Pi )
In this case, take y ∈ Pl . Then there exist two vertices xi , x j of W ∗ such that at least one of {xi , x j } belongs to W ,
say x j ∈ W , and that y is on the segment T = xi−→P lx j and T − {xi , x j } contains no vertex of W . In the following
steps, we only consider the case xi 6∈ W , otherwise if xi ∈ W , using the similar arguments employed in Case 1.1, it is
easy to see that y is (min{3d, nk + 5dk } + d, 3)-dominated by W .
For the case xi 6∈ W , there exist two vertices xi ′ , x j ′ of W ∗ such that at least one of {xi ′ , x j ′} belongs to W , say
x j ′ ∈ W , xi is on a segment T ′ = xi ′−→P l ′x j ′ and that T ′ − {xi ′ , x j ′} contains no vertex of W . (Here, if xi ′ and x j ′
are on C , then the segment T ′ is a subpath of C). Since the path R1 = y←−P lxi connects y to xi (6∈ W ) and the path
R2 = y−→P lx j connects y to x j (∈ W ), by Menger’s Theorem and Perfect’s lemma [8], we can choose k internally
vertex-disjoint paths Q1, Q2, . . ., Qk to connect the vertex y to some vertices of W ∗ such that yi and y j are the other
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end-vertices of two paths, say Qi and Q j , of these k paths, and for each l 6= i, j , suppose that zl ∈ W ∗−(T−{yi , y j })
is another end-vertex of the yzl -path Ql in G − (W ∗ − (T − {yi , y j })) (note zl 6= zl ′ for l 6= l ′, unless zl , zl ′ ∈ W ),
and then the union of Q1, Q2, . . . , Qk has fewer edges outside E(C ∪ (∪ti=1 Pi )).
Here, we may assume that |Q1| ≤ |Q2| ≤ |Q3| ≤ · · · ≤ |Qk−1| ≤ |Qk |, where |Ql | is the length of path Ql for
1 ≤ l ≤ k. We get
(k − 2) · |Q3| ≤ |Q1| + |Q2| + |Q3| + · · · + |Qk |
≤ n −
(
c +
t∑
i=1
|Pi | − d
)
≤ n − c
implying |Q3| ≤ n−ck−2 .
For each path Qm in {Q1, Q2, Q3} − {Qi , Q j }, let −→Q m be the path Qm with an orientation from y to zm and z′m
the last vertex on
−→
Q m that belongs to V (Qm) ∩ V (T ). Using similar arguments of Claim 3, we obtain
Claim 4. The subpath y−→Q mz′m is of length at most 2|T |.
Case 1.2.1 No Qm in {Q1, Q2, Q3} − {Qi , Q j } contains an end-vertex zm in T ′ − {xi }.
Since zm is an end-vertex of Qm on V (C) ∪ (∪ti=1 Pi ), we can choose a vertex z′′m in W and construct a path, say
Qm(W ), such that Qm(W ) contains all vertices of Qm , connecting y to zm , then to z′′m on V (C) ∪ (∪ti=1 V (Pi )) and
Qm(W ) is of length at most |Qm | + d. Since each path in G − (V (C) ∪ (∪ti=1 Pi )) is of length less that d + 1 by the
choice of G t , and by Claim 4, we obtain
|Qm | ≤ min
{
2d + d, 2d + c
2
, |Q3|
}
≤ min
{
2d + d, 2d + c
2
,
n − c
k − 2
}
≤ min
{
3d,
n
k
+ 4d
k
}
.
Thus, y is (min{3d, nk + 4dk }+ d, 3)-dominated by W since either y ∈ W or there exist three internally vertex-disjoint
paths Qi (W ) = y−→Q i xi−→P l ′x j ′ , Q j and Qm(W ) to connect y to x j ′ , x j , z′′m of W , each of which has length at most
max{|Qi (W )|, |Q j |, |Qm(W )|} ≤ max{|Qi (W )| + |Q j |, |Qm | + d}
= max
{
2d,min
{
3d,
n
k
+ 4d
k
}
+ d
}
.
Case 1.2.2 A path Qm of {Q1, Q2, Q3} − {Qi , Q j } contains an end-vertex zm in T ′ − {xi }
In this case, we may assume that zm ∈ x+i −→P l ′x j ′ .
(i) If xi ′ ∈ W , then y is (d, 3)-dominated by W since either y ∈ W or there exist three internally vertex-disjoint
paths Qi (W ) = y−→Q i xi←−P l ′xi ′ , Qm(W ) = yQmzm−→P l ′x j ′ , Q j = y−→Q j x j to connect y to xi ′ , x j ′ , x j of W respectively,
each of which has length at most
max{|Qi |, |Q j |, |Qm(W )|} ≤ max{|Qi | + |Qm(W )|, |Q j |}
≤ max{|T ′|, |T |}
≤ d.
(ii) If xi ′ 6∈ W , then there exist two vertices xi ′′ , x j ′′ of W such that at least one of {xi ′′ , x j ′′} belongs to W , say
x j ′′ ∈ W , xi ′ is on a segment T ′′ = xi ′′−→P l ′′x j ′′ and T ′′ − {xi ′′ , x j ′′} contains no vertex of W . (Here, if xi ′′ and x j ′′ are
on C , then the segment T ′′ is a subpath of C). Hence, y is (2d, 3)-dominated by W since y ∈ W or we can construct
three internally vertex-disjoint paths Qi (W ) = y−→Q i xi←−P l ′xi ′−→P l ′′x j ′′ , Qm(W ) = yQmzm−→P l ′x j ′ , Q j (W ) = y−→Q j x j
to connect y to x j ′′ , x j ′ , x j of W respectively, each of which has length at most
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max{|Qi (W )|, |Q j (W )|, |Qm(W )|} ≤ max{|Qi (W )| + |Qm(W )|, |Q j (W )|}
≤ max{|T ′| + |T ′′|, |T |}
≤ 2d.
Case 2. y 6∈ V (C) ∪ (∪ti=1 V (Pi )).
In this case, Menger’s Theorem and Perfect’s lemma [8] guarantee the existence of k distinct vertices y1, y2, . . . , yk
in V (C) ∪ (∪ti=1 V (Pi )) and k internally vertex-disjoint paths Q1, Q2, . . . , Qk in G − V (C) ∪ (∪ti=1 V (Pi ))
such that Qi is a yyi -path of length |Qi |, where V (Qi ) ∩ W ∗ = {yi }, 1 ≤ i ≤ k. We may assume that
|Q1| ≤ |Q2| ≤ |Q3| ≤ · · · ≤ |Qk−1| ≤ |Qk |. Then
(k − 2) · |Q3| ≤ |Q1| + |Q2| + |Q3| + · · · + |Qk |
≤ n − c −
t∑
i=1
|Pi |
≤ n − c
implying |Q3| ≤ n−ck−2 .
Since C is a longest cycle and each G t -path is of length at most than d , we obtain
|Q3| ≤ min
{
d,
c
2
,
n − c
k − 2
}
≤ min
{
d,
n
k
}
.
First, we assume that y1, y2, y3 belong to three distinct segments, for m ∈ {1, 2, 3}. Since ym is an end-vertex of Qm
in W ∗ = V (C)∪(∪ti=1 V (Pi )), it is easy to find a vertex xm in W and a segment Tm = xm′−→P im xm (or Tm = xm′−→C xm),
where xm ∈ W , such that Tm is of length at most d and that ym belongs to Tm . Let Qm(W ) = y−→Q ′m ym−→T mxm for
m ∈ {1, 2, 3}. Then y is (min{d, nk } + d, 3)-dominated by W since either y ∈ W or there exist three internally
vertex-disjoint paths Q1(W ), Q2(W ), Q3(W ) to connect y to x1, x2, x3 of W respectively, each of which has length
at most
max{|Q1(W )|, |Q2(W )|, |Q3(W )|} ≤ min
{
d,
n
k
}
+ d.
Next, we assume that at least two of {y1, y2, y3} belong to the same segment, say, y1, y2 belong to the same segment
T = yi−→C y j , where yi , y j ∈ W , (or T = xi−→P lx j , where at least one of {xi , x j } belongs to W , say x j ∈ W ) and that
y1 ∈ yi−→C (y2)− and y2 ∈ (y1)+−→C y j (or y1 ∈ xi−→P l(y2)− and y2 ∈ (y1)+−→P lx j ). Then two paths R1 = y−→Q i y1←−C yi
and R2 = y−→Q j y2−→C y j connect y to y1 and y2 (or two paths R1 = y−→Q i yi←−P lxi and R j = y−→Q j y j−→P lx j connect y
to xi and x j , respectively). By Menger’s Theorem and Perfect’s lemma [8], we can choose k internally vertex-disjoint
paths Q′1, Q′2, . . ., Q′k similarly as before, where zl ∈ W ∗− (T −{yi , y j }) (or zl ∈ W ∗− (T −{xi , x j }), respectively)
and Q′l is a yzl -path in G − (W ∗ − (T − {yi , y j })) (or in G − (W ∗ − (T − {xi , x j })), respectively) with its two
end-vertices y and zl (note zl 6= zl ′ for l 6= l ′, unless zl , zl ′ ∈ W ), satisfying
(a) There exist two paths Q′i , Q′j such that Q′i connects y to yi and that Q′j connects y to y j (or Q′i connects y to xi
and that Q′j connects y to x j , respectively);
(b) Subject to (a), the union of Q′1, Q′2, . . ., Q′k has fewer edges outside E(C ∪ (∪ti=1 Pi )).
Now, we may assume that |Q′1| ≤ |Q′2| ≤ |Q′3| ≤ · · · ≤ |Q′k−1| ≤ |Q′k |, where |Q′l | is the length of path Q′l for
1 ≤ l ≤ k. Then we obtain
(k − 2) · |Q′3| ≤ |Q′1| + |Q′2| + |Q′3| + · · · + |Q′k |
≤ n −
(
c +
t∑
i=1
|Pi | − d
)
≤ n − c + d
implying |Q′3| ≤ n−ck−2 + dk−2 .
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For each path Q′m of {Q′1, Q′2, Q′3} − {Q′i , Q′j }, let −→Q
′
m be the path Q
′
m with an orientation from y to zm and z
′
m
the last vertex on
−→
Q
′
m belong to V (Q
′
m) ∩ V (T ). Using similar arguments of Claim 3, we get
Claim 5. The subpath y−→Q mz′m is of length at most 2|T |.
Since zm is an end-vertex of Q′m on V (C) ∪ (∪ti=1 V (Pi )), we can choose a vertex z′′m in W and construct a path,
say Q′m(W ), such that Q′m(W ) contains all vertices of Q′m , connecting y to zm , then to z′′m on V (C) ∪ (∪ti=1 V (Pi ))
and that Q′m(W ) is of length at most |Q′m | + d. Since each path in G − (V (C) ∪ (∪ti=1 Pi )) is of length at most ns by
the choice of G t and by Claim 5, we obtain
|Q′m | ≤ min
{
2d + d, 2d + c
2
, |Q′3|
}
≤ min
{
2d + d, 2d + c
2
,
n − c
k − 2 +
d
k − 2
}
≤ min
{
3d,
n
k
+ 5d
k
}
.
Case 2.1 T = yi−→C y j (where yi , y j ∈ W ) or T = xi−→P lx j (where xi , x j ∈ W ).
In this case, y is (min{3d, nk + 5dk } + d, 3)-dominated by W since either y ∈ W or there exist three internally
vertex-disjoint paths Q′i , Q′j , Q′m(W ) to connect y to yi , y j , z′′m of W (or connect y to xi , x j , z′′m of W , respectively),
each of which has length at most
max{|Qi (W )|, |Q j |, |Qm(W )|} ≤ max{|Qi (W )| + |Q j |, |Qm | + d}
= max
{
d,min
{
3d,
n
k
+ 5d
k
}
+ d
}
= min
{
3d,
n
k
+ 5d
k
}
+ d.
Case 2.2 T = xi−→P lx j , where xi 6∈ W and x j ∈ W .
In this case, there exist two vertices xi ′ , x j ′ of W ∗ such that at least one of {xi ′ , x j ′} belong to W , say x j ′ ∈ W , xi
is on a segment T ′ = xi ′−→P l ′x j ′ and that T ′ − {xi ′ , x j ′} contains no vertex of W . (Here, if xi ′ and x j ′ are on C , then
the segment T ′ is a subpath of C).
Case 2.2.1 No Q′m in {Q′1, Q′2, Q′3} − {Q′i , Q′j } contains an end-vertex zl in T ′ − {xi }.
In this case, since zm is the end-vertex of Q′m on V (C) ∪ (∪ti=1 V (Pi )), we can choose a vertex z′′m in W and
construct a path, say Q′m(W ), such that Q′m(W ) contains all vertices of Q′m , from y to zm and then to z′′m on
V (C) ∪ (∪ti=1 V (Pi )) and that Q′m(W ) is of length at most |Q′m | + d . Since each path in G − (V (C) ∪ (∪ti=1 Pi )) is
of length at most ns by the choice of G t , then by Claim 5, we obtain
|Q′m | ≤ min
{
2d + d, 2d + c
2
, |Q′3|
}
≤ min
{
2d + d, 2d + c
2
,
n − c
k − 2 +
d
k − 2
}
≤ min
{
3d,
n
k
+ 5d
k
}
.
Thus, y is (min{3d, nk + 5dk }+ d, 3)-dominated by W since either y ∈ W or there exist three internally vertex-disjoint
paths Q′i (W ) = yQ′i xi−→P l ′x j ′ , Q′j and Q′m(W ) to connect y to x j ′ , x j , z′′m of W , each of which has length at most
max{|Q′i (W )|, |Q′j |, |Q′m(W )|} ≤ max{|Q′i (W )| + |Q′j |, |Q′m | + d}
≤ max
{
2d,min
{
3d,
n
k
+ 5d
k
}
+ d
}
.
Case 2.2.2 A path Q′m of {Q′1, Q′2, Q′3} − {Q′i , Q′j } contains an end-vertex zm in T ′ − {xi }
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In this case, without loss of generality, we may assume that zm ∈ x+i −→P l ′x j ′ .
(i). If xi ′ ∈ W , then y is (d, 3)-dominated by W since either y ∈ W or there exist three internally vertex-disjoint
paths Q′i = y
−→
Q′i xi
←−
P l ′xi ′ , Q′m(W ) = yQ′mzm−→P l ′x j ′ , Q′j = y
−→
Q′ j x j to connect y to xi ′ , x j ′ , x j in W respectively,
each of which has length at most
max{|Q′i |, |Q′j |, |Q′m(W )|} ≤ max{|Q′i | + |Q′m(W )|, |Q′j |}
≤ max{|T ′|, |T |}
≤ d.
(ii). If xi ′ 6∈ W , then there exist two vertices xi ′′ , x j ′′ of W such that at least one of {xi ′′ , x j ′′} belong to W , say
x j ′′ ∈ W , xi ′ is on a segment T ′′ = xi ′′−→P l ′′x j ′′ and that T ′′ − {xi ′′ , x j ′′} contains no vertex of W . (Here, if xi ′′ and x j ′′
are in C , then the segment T ′′ is a subpath of C). Thus, y is (2d, 3)-dominated by W since either y ∈ W or there exist
three internally vertex-disjoint paths Q′i (W ) = y
−→
Q′i xi
←−
P l ′xi ′
−→
P l ′′x j ′′ , Q′m(W ) = yQ′mzm−→P l ′x j ′ and Q′j = y
−→
Q′ j x j
to connect y to x j ′′ , x j ′ , x j in W respectively, each of which has length at most
max{|Q′i (W )|, |Q′j |, |Q′m(W )|} ≤ max{|Q′i (W )| + |Q′m(W )|, |Q′j |}
≤ max{|T ′| + |T ′′|, |T |}
≤ 2d.
Hence, we obtain
ρs,3(G) ≤ max
y∈V (G)−W
{dist3(y,W )}
≤ max
{
2n
s
,min
{
3n
s
,
n
k
+ 5n
ks
}
+ n
s
}
. 
Proof of Theorem 5. By the preceding arguments, we can choose C , P1, P2, . . ., Pt and G t satisfying p1 ≥ p2 ≥
· · · ≥ pt ≥ ns +1 for non-negative integer t such that each G t -path is of length less than ns +1. We can also choose the
set W of s vertices of G and θ(t), the Claims 1 and 2 hold. For convenience, let d = ns and W ∗ = V (C)∪(∪ti=1 V (Pi )).
We aim to prove that each vertex y of G is (min{3d, nk−1 + 5dk−1 } + 2d, 4)-dominated by W when k ≥ 4. Let us
distinguish between two cases depending on whether or not y is in the set V (C) ∪ (∪ti=1 V (Pi )).
Case 1. y ∈ V (C) ∪ (∪ti=1 V (Pi )).
We consider two possibilities
Case 1.1. y ∈ V (C)
In this case, by the choice of W , there exist two vertices yi , y j of W such that y is on a segment T = yi−→C y j
and that T − {yi , y j } contains no vertex of W . The two paths R1 = y←−C yi and R2 = y−→C y j connect y to yi , y j of
W , by Menger’s Theorem and Perfect’s lemma [8], we can choose k internally vertex-disjoint paths Q1, Q2, . . . , Qk
similarly as before, where zl ∈ W ∗ − (T − {yi , y j }) and Ql is a yzl -path in G − (W ∗ − (T − {yi , y j })) with its two
end-vertices y and zl (note zl 6= zl ′ for l 6= l ′, unless zl , zl ′ ∈ W ), satisfying
(a) There exist two paths Qi , Q j such that Qi connects y to yi and that Q j connects y to y j ;
(b) Subject to (a), the unions of Q1, Q2, . . . , Qk have fewer edges outside E(C ∪ (∪ti=1 Pi )).
We may assume that |Q1| ≤ |Q2| ≤ |Q3| ≤ · · · ≤ |Qk−1| ≤ |Qk |, where |Ql | is the length of path Ql for 1 ≤ l ≤ k.
These k paths exist since G is k-connected. We get
(k − 3)|Q4| ≤ |Q1| + |Q2| + |Q3| + · · · + |Qk |
≤ n − (c − d)−
t∑
i=1
|Pi |
≤ n − c + d
implying |Q4| ≤ n−ck−3 + dk−3 .
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For each path Qm in {Q1, Q2, Q3, Q4} − {Qi , Q j }, let −→Q m be the path Qm with an orientation from y to zm
and z′m the last vertex on
−→
Q m that belongs to V (Qm) ∩ V (T ). (If there exists no such vertex z′m in the path Qm , as
in the proof of the Theorem 4, we can construct a path Q∗m to connect the vertex y to the vertex z∗m in W such that
Q∗m is internally-disjoint from the other paths and its length is at most 2d. When there exist two paths Qm1 and Qm2
such that zm′1 and zm′2 do not exist, we can consider four internally vertex-disjoint path Q
∗
m1 , Q
∗
m2 , R1 = y
←−
C yi and
R2 = y−→C y j , then the vertex y is (2d, 4)-dominated by W ; When there exists a path Qm such that zm′ does not exist,
we can consider the path Q∗m and other three internal vertex-disjoint as in the proof of the Theorem 4, we are also
home. So we assume that this case will not occur in the following steps).
Using similar arguments of Claim 3 in the proof of Theorem 4, we obtain
Claim 6. The subpath y−→Q mz′m is of length at most 2|T |.
Since each path in G − (V (C) ∪ (∪ti=1 Pi )) is of length at most ns (=d) by the choice of G t , Claim 6 implies
|Qm | ≤ min
{
2d + d, 2d + c
2
, |Q4|
}
≤ min
{
2d + d, 2d + c
2
,
n − c
k − 3 +
d
k − 3
}
≤ min
{
3d,
n
k − 1 +
5d
k − 1
}
.
(i) If there exist two paths Qm , Qm′ of {Q1, Q2, Q3, Q4} − {Qi , Q j } such that zm , zm′ belong to two distinct
segments T ′, T ′′, by the similar arguments to the proof of Theorem 4 (Case 1.1.), we can choose two vertices z′′m ,
z′′m′ in W and construct two paths, say Qm(W ) and Qm′(W ), such that Qm(W ) (and Qm′(W ), respectively) contains
all vertices of Qm (and Qm′(W ), respectively), connecting y to zm , then to z′′m (and connecting y to zm′ , then to z′′m′ ,
respectively) on V (C) ∪ (∪ti=1 V (Pi )) and that Qm (and Qm′(W ), respectively) is of length at most |Qm | + d (and
|Qm′ | + d, respectively). It is easy to see that y is (min{3d, nk−1 + 5dk−1 } + d, 4)-dominated by W since either y ∈ W
or there exist four internally vertex-disjoint paths Qi , Q j , Qm(W ), Qm′(W ) to connect y to some vertices of W , each
of which has length at most
max{|Qi |, |Q j |, |Qm(W )|, |Qm′(W )|} ≤ max{|Qi | + |Q j |, |Qm | + d, |Qm′ | + d}
≤ max{d, |Q4| + d}
= min
{
3d,
n
k − 1 +
5d
k − 1
}
+ d.
(ii) If there exist two paths Qm , Qm′ of {Q1, Q2, Q3, Q4}−{Qi , Q j } such that zm , zm′ belong to the same segment
T ′ = xi ′−→P l ′x j ′ (or T ′ = yi ′−→C y j ′ ) and that at least one of {xi ′ , x j ′} belong to W , say x j ′ ∈ W . (If xi ′ 6∈ W , we get a
segment T ′′ = xi ′′−→P l ′′x j ′′ such that xi ′ belongs to T ′′ and that at least one of {xi ′′ , x j ′′} belongs to W , say x j ′′ ∈ W .).
We may assume that zm′ ∈ xi ′−→P l ′ z−m and zm ∈ z+m′−→P l ′x j ′ . With the similar arguments to the proof of Theorem 4
(Case 1.1.), we can construct two paths Qm(W ) = y−→Q mzm−→P l ′x j ′ , Qm′(W ) = y−→Q m′ zm′←−P l ′xi ′ (if xi ′ ∈ W ) or
Qm′(W ) = y−→Q m′ zm′←−P l ′xi ′−→P l ′′x j ′′ (if xi ′ 6∈ W and x j ′′ ∈ W ). It is easy to see that y is (min{3d, nk−1+ 5dk−1 }+2d, 4)-
dominated by W since either y ∈ W or there exist four internally vertex-disjoint paths Qi , Q j , Qm(W ), Qm′(W ) to
connect y to some vertices of W , each of which has length at most
max{|Qi |, |Q j |, |Qm(W )|, |Qm′(W )|} ≤ max{|Qi | + |Q j |, |Qm | + d, |Qm′ | + 2d}
≤ max{d, |Q4| + 2d}
≤ min
{
3d,
n
k − 1 +
5d
k − 1
}
+ 2d.
Case 1.2. y ∈ ∪ti=1 V (Pi )
In this case, we get y ∈ Pl , then there exist two vertices xi , x j of W ∗ such that at least one of {xi , x j } belongs
to W , say x j ∈ W , and that y is in a segment T = xi−→P lx j and T − {xi , x j } contains no vertex of W . Here, we
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only consider that xi 6∈ W , otherwise if xi ∈ W , with the similar arguments to Case 1.1, it is easy to see that y is
(min{3d, nk−1 + 5dk−1 } + 2d, 4)-dominated by W .
For the case xi 6∈ W , there exist two vertices xi ′ , x j ′ of W ∗ such that at least one of {xi ′ , x j ′} belongs to W , say
x j ′ ∈ W , xi is in a segment T ′ = xi ′−→P l ′x j ′ and that T ′ − {xi ′ , x j ′} does not contain any vertex of W . (Here, if
xi ′ and x j ′ are on C , then the segment T ′ is a subpath of C). Then y is connected to xi (6∈ W ) and to x j (∈ W )
by R1 = y←−P lxi and R2 = y−→P lx j , respectively. By Menger’s Theorem and Perfect’s lemma [8], we can choose k
internally vertex-disjoint paths Q1, Q2, . . . , Qk similarly as before, where zl ∈ W ∗ − (T − {xi , x j }) and Ql is a
yzl -path in G − (W ∗ − (T − {xi , x j })) with its two end-vertices y and zl (note zl 6= zl ′ for l 6= l ′, unless zl , zl ′ ∈ W ),
to satisfy
(a) There exist two paths Qi , Q j such that Qi connects y to xi and that Q j connects y to x j ;
(b) Subject to (a), the unions of Q1, Q2, . . . , Qk have fewer edges outside E(C ∪ (∪ti=1 Pi )).
Without loss of generality, we may assume that |Q1| ≤ |Q2| ≤ |Q3| ≤ · · · ≤ |Qk−1| ≤ |Qk |, where |Ql | is the length
of path Ql for 1 ≤ l ≤ k. These k paths exist for G is k-connected. We thus get
(k − 3) · |Q4| ≤ |Q1| + |Q2| + |Q3| + · · · + |Qk |
≤ n −
(
c +
t∑
i=1
|Pi | − d
)
≤ n − c
implying |Q4| ≤ n−ck−3 .
For each path Qm of {Q1, Q2, Q3, Q4} − {Qi , Q j }, let −→Q m be the path Qm with an orientation from y to zm
and z′m the last vertex on
−→
Q m that belongs to V (Qm) ∩ V (T ). With the similar arguments to Claim 3 in the proof of
Theorem 4, we get
Claim 7. The subpath y−→Q mz′m is of length at most 2|T |.
For each Qm of {Q1, Q2, Q3, Q4} − {Qi , Q j }, since each path in G − (V (C) ∪ (∪ti=1 Pi )) is of length at most ns
by the choice of G t , then by Claim 7, we obtain
|Qm | ≤ min
{
2d + d, 2d + c
2
, |Q4|
}
≤ min
{
2d + d, 2d + c
2
,
n − c
k − 3
}
≤ min
{
3d,
n
k − 1 +
4d
k − 1
}
.
Case 1.2.1. No Qm in {Q1, Q2, Q3, Q4} − {Qi , Q j } contains an end-vertex zm in T ′ − {xi }.
Since zm (zm′ ) is the end-vertex of Qm (Qm′ ) on V (C) ∪ (∪ti=1 Pi ), respectively, with the similar argument to
the latter discussion in Case 1.1, we can choose two vertices z′′m , z′′m′ in W and construct two paths, say Qm(W ) and
Qm′(W ), such that they connect y to z′′m , z′′m′ of W and that they are of lengths at most |Q4| + 2d.
Thus, y is (min{3d, nk−1 + 4dk−1 } + 2d, 4)-dominated by W since either y ∈ W or there exist four internally vertex-
disjoint paths Qi (W ) = y−→Q i xi−→P l ′x j ′ , Q j , Qm(W ) and Qm′(W ) to connect y to x j ′ , x j , z′′m , z′′m′ of W , each of which
has length at most
max{|Qi (W )|, |Q j |, |Qm(W )|, |Qm′(W )|} ≤ max{|Qi (W )| + |Q j |, |Q4| + 2d}
= min
{
3d,
n
k − 1 +
4d
k − 1
}
+ 2d.
Case 1.2.2. There exist two paths Qm , Qm′ of {Q1, Q2, Q3, Q4} − {Qi , Q j } such that Qm contains an end-vertex zm
in T ′ − {xi } and that Qm′ contains no end-vertex zm′ in T ′ − {xi }
In this case, we may assume that zm ∈ x+i −→P l ′x j ′ . As discussed in Case 1.1, we can choose a vertex z′′m′ in W and
construct one path, say Qm′(W ), such that Qm′(W ) connects y to z′′m′ of W and that Qm′(W ) is of length at most|Qm′ | + d .
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If xi ′ ∈ W , then y is (min{3d, nk−1 + 4dk−1 }+d, 4)-dominated by W since either y ∈ W or there exist four internally
vertex-disjoint paths Qi (W ) = y−→Q i xi←−P l ′xi ′ , Qm(W ) = yQmzm−→P l ′x j ′ , Q j = y−→Q j x j and Qm′(W ) to connect y to
xi ′ , x j ′ , x j , z′′m′ of W respectively, each of which has length at most
max{|Qi (W )|, |Q j |, |Qm(W )|, |Qm′(W )|} ≤ max{|Qi (W )| + |Qm(W )|, |Q j | + |Qi |, |Qm′ | + d}
≤ max{|T ′|, |T |, |Qm′ | + d}
≤ min
{
3d,
n
k − 1 +
4d
k − 1
}
+ d.
If xi ′ 6∈ W , then there exist two vertices xi ′′ , x j ′′ of W ∗ such that at least one of {xi ′′ , x j ′′} belongs to W , say
x j ′′ ∈ W , xi ′ is in one segment T ′′ = xi ′′−→P l ′′x j ′′ and that T ′′ − {xi ′′ , x j ′′} does not contain any vertex of W . (Here, if
xi ′′ and x j ′′ are on C , then the segment T ′′ is a subpath of C).
(i) If zm′ does not belong to T ′′, then y is (min{3d, nk−1 + 4dk−1 } + 2d, 4)-dominated by W since either y ∈ W
or there exist four internally vertex-disjoint paths Qi (W ) = y−→Q i xi←−P l ′xi ′−→P l ′′x j ′′ , Qm(W ) = yQmzm−→P l ′x j ′ ,
Q j (W ) = y−→Q j x j and Qm′(W ) to connect y to x j ′′ , x j ′ , x j , z′′m′ of W respectively, each of which has length at most
max{|Qi (W )|, |Q j (W )|, |Qm(W )|, |Qm′(W )|} ≤ max{|Qi (W )| + |Qm(W )|, |Q j (W )|, |Qm′(W )|}
≤ max{|T ′| + |T ′′|, |T |, |Qm′ | + d}
≤ max
{
2d, d,min
{
3d,
n
k − 1 +
4d
k − 1
}
+ d
}
≤ min
{
3d,
n
k − 1 +
4d
k − 1
}
+ 2d.
(ii) If zm′ belongs to T ′′, we only consider that xi ′′ 6∈ W , otherwise if xi ′′ ∈ W , it is easy to see that y is (d, 4)-
dominated by W . Moreover, there exist two vertices xi ′′′ , x j ′′′ of W ∗ such that at least one of {xi ′′′ , x j ′′′} belongs
to W , say x j ′′′ ∈ W , xi ′′ is in a segment T ′′′ = xi ′′′−→P l ′′′x j ′′′ and that T ′′′ − {xi ′′′ , x j ′′′} contains no vertex of W .
Without loss of generality, we can assume that zm′ ∈ x+i ′′−→P l ′′xi ′ . Using similar arguments as employed in (i), we see
that y is (2d, 4)-dominated by W since either y ∈ W or there exist four internally vertex-disjoint paths Qi (W ) =
y
−→
Q i xi
←−
P l ′xi ′
−→
P l ′′x j ′′ , Qm(W ) = yQmzm−→P l ′x j ′ , Q j (W ) = y−→Q j x j and Qm′(W ) = yQm′ zm′←−P l ′′xi ′′−→P l ′′′x j ′′′ to
connect y to x j ′′ , x j ′ , x j , x j ′′′ of W respectively, each of which has length at most
max{|Qi (W )|, |Q j (W )|, |Qm(W )|, |Qm′(W )|}
≤ max{|Qi (W )| + |Qm(W )|, |Q j (W )|, |Qm′(W )| + |Qi (W )|}
≤ max{|T ′| + |T ′′|, |T |, |T ′′| + |T ′′′|}
≤ 2d.
Case 1.2.3 Each path Qm of {Q1, Q2, Q3, Q4} − {Qi , Q j } contains an end-vertex zm in T ′ − {xi }
In this case, we obtain three internally vertex-disjoint paths to connect y to the segment T ′ = xi ′−→P l ′x j ′ . Using
similar arguments to the proof of Theorem 4 (Case 2), we see that y is (min{3d, nk−1+ 5dk−1 }+2d, 4)-dominated by W .
Case 2. y 6∈ V (C) ∪ (∪ti=1 V (Pi ))
In this case, Menger’s Theorem and Perfect’s lemma [8] guarantee the existence of k distinct vertices y1, y2, . . . , yk
in V (C) ∪ (∪ti=1 V (Pi )) and k internally vertex-disjoint paths Q1, Q2, . . . , Qk in G − (V (C) ∪ (∪ti=1 V (Pi ))) such
that Qi is a yyi -path and Qi is of length |Qi |, where V (Qi ) ∩ W ∗ = {yi }, 1 ≤ i ≤ k. Without loss of generality, we
may assume that |Q1| ≤ |Q2| ≤ |Q3| ≤ · · · ≤ |Qk−1| ≤ |Qk |. Then
(k − 3) · |Q4| ≤ |Q1| + |Q2| + |Q3| + · · · + |Qk |
≤ n − c −
t∑
i=1
|Pi |
≤ n − c
implying |Q4| ≤ n−ck−3 .
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Since C is a longest cycle and each G t -path is of length at most than d , we obtain
|Q4| ≤ min
{
d,
c
2
,
n − c
k − 3
}
≤ min
{
d,
n
k − 1
}
.
First, we assume that four vertices y1, y2, y3, y4 belong to four distinct segments respectively, for m ∈ {1, 2, 3, 4}.
Since ym is an end-vertex of Qm in W ∗ = V (C) ∪ (∪ti=1 V (Pi )), it is easy to find a vertex xm in W and one segment
Tm = xm′−→P im xm (or Tm = xm′−→C xm), where xm ∈ W , such that Tm is of length at most d and that ym belongs to
Tm . Let Qm(W ) = y−→Q ′m ym−→T mxm for m ∈ {1, 2, 3, 4}. Then y is (min{d, nk−1 }+ d, 4)-dominated by W since either
y ∈ W or there exist four internally vertex-disjoint paths Q1(W ), Q2(W ), Q3(W ), Q4(W ) to connect y to x1, x2, x3,
x4 of W respectively, each of which has length at most
max{|Q1(W )|, |Q2(W )|, |Q3(W )|, |Q4(W )|} ≤ min
{
d,
n
k − 1
}
+ d.
Next, we assume that at least two of {y1, y2, y3, y4} belong to the same segment. Without loss of generality, we
may assume that two vertices y1, y2 belong to the same segment T = yi−→C y j , where yi , y j ∈ W , (or T = xi−→P lx j ,
where at least one of {xi , x j } belongs to W , say x j ∈ W , respectively) and that y1 ∈ yi−→C (y2)− and y2 ∈ (y1)+−→C y j
(or y1 ∈ xi−→P l(y2)− and y2 ∈ (y1)+−→P lx j , respectively). Then two paths R1 = y−→Q i y1←−C yi and R2 = y−→Q j y2−→C y j
connect y to yi , y j (or two paths R1 = y−→Q i y1←−P lxi and R2 = y−→Q j y2−→P lx j connect y to xi , x j , respectively).
By Menger’s Theorem and Perfect’s lemma [8], we can choose k internally vertex-disjoint paths Q′1, Q′2, . . . , Q′k
as before, where zl ∈ W ∗ − (T − {yi , y j }) (or zl ∈ W ∗ − (T − {xi , x j }), respectively) and Q′l is a yzl -path in
G − (W ∗ − (T − {yi , y j })) (or G − (W ∗ − (T − {xi , x j })), respectively) with its two end-vertices y and zl (note
zl 6= zl ′ for l 6= l ′, unless zl , zl ′ ∈ W ), satisfying
(a) There exist two paths Q′i , Q′j such that Q′i connects y to yi and that Q′j connects y to y j (or Q′i connects y to xi
and that Q′j connects y to x j , respectively);
(b) Subject to (a), the unions of Q′1, Q′2, . . . , Q′k have less edges outside E(C ∪ (∪ti=1 Pi )).
We may assume that |Q′1| ≤ |Q′2| ≤ |Q′3| ≤ · · · ≤ |Q′k−1| ≤ |Q′k |, where |Q′l | is the length of path Q′l for
1 ≤ l ≤ k. Then
(k − 3) · |Q′4| ≤ |Q′1| + |Q′2| + |Q′3| + · · · + |Q′k |
≤ n −
(
c +
t∑
i=1
|Pi | − d
)
≤ n − c + d
implying |Q′4| ≤ n−ck−3 + dk−3 .
For each path Q′m of {Q′1, Q′2, Q′3, Q′4} − {Q′i , Q′j }, let −→Q
′
m be the path Q
′
m with an orientation from y to zm and
z′m the last vertex on
−→
Q
′
m belong to V (Q
′
m) ∩ V (T ). With the similar arguments to Claim 3 of Theorem 4, we get
Claim 8. The subpath y−→Q mz′m is of length at most 2|T |.
Since zm is the end-vertex of Q′m on V (C) ∪ (∪ti=1 V (Pi )), we can choose a vertex z′′m in W and construct a path,
say Q′m(W ), such that Q′m(W ) contains all vertices of Q′m , connecting y to zm , then to z′′m on V (C) ∪ (∪ti=1 V (Pi )),
and that Q′m(W ) is of length at most |Q′m | + d. Since each path in G − (V (C) ∪ (∪ti=1 Pi )) is of length at most ns by
the choice of G t and by Claim 8, we obtain
|Q′m | ≤ min
{
d + d, d + c
2
, |Q′4|
}
≤ min
{
d + d, d + c
2
,
n − c
k − 3 +
d
k − 3
}
≤ min
{
2d,
n
k − 1 +
3d
k − 1
}
.
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Using similar arguments of the proof of Theorem 4 (Case 2), it is easy to see that y is (min{3d, nk−1+ 5dk−1 }+2d, 4)-
dominated by W .
Hence, we obtain
ρs,4(G) ≤ max
y∈V (G)−W
{dist4(y,W )}
≤ min
{
3n
s
,
n
k − 1 +
5n
s(k − 1)
}
+ 2n
s
. 
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Appendix. Proofs of Claims 1 and 2
Claim 1. θ(t) ≤ s − 3.
Proof. Suppose, to the contrary, that θ(t) ≥ s − 2. Since C is a longest cycle of G, we have p1 ≤ c2 , which implies
that c ≥ 2p1 ≥ 2( ns + 1). Thus
|V (G)| ≥ c + (p1 − 1)+ (p2 − 1)+ · · · + (pt − 1)
≥ 2
(n
s
+ 1
)
+ θ(t) · n
s
≥ 2 · n
s
+ 2+ (s − 2) · n
s
= n + 2,
a contradiction. 
Claim 2. cs−θ(t) ≤ ns .
Proof. Since the intersection of any two of V (C), In(P1), In(P2), . . . , In(Pt ) is empty, where In(Pi ) represents the
set of all internal vertices of Pi , and since |In(Pi )| = (pi + 1)− 2 = pi − 1 ≥ ns for any i ∈ {1, 2, . . . , t}, we get
n − |V (C)| ≥ | ∪ti=1 In(Pi )| =
t∑
i=1
(pi − 1) ≥ θ(t) · ns ,
implying
c = |V (C)| ≤ n − θ(t) · n
s
= s − θ(t)
s
· n.
Hence
c
s − θ(t) ≤
n
s
. 
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